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Second quantization of Leinaas-Myrheim anyons in one dimension
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In one spatial dimension, anyons in the original description of Leinaas and Myrheim are formally
equivalent to locally interacting bosons described by the Lieb-Liniger model. This admits an inter-
esting reinterpretation of interacting bosons in the context of anyons. We elaborate on this parallel,
particularly including the many-body bound states from the attractive Lieb-Liniger model. In the
anyonic context these bound states are created purely by quantum-statistical attraction and coined
quantum-statistical condensate, which is more robust than the Bose-Einstein condensate. We in-
troduce the second quantization formalism for the present anyons and construct the generalized
Jordan-Wigner transformation that connects them to the bosons of the Lieb-Liniger model.
PACS numbers: 05.30.Pr 03.65.Ge, 71.10.Pm
I. INTRODUCTION
In modern nanoscopic systems, electronic excitations
are effectively confined to a lower-dimensional world. An
unexpected consequence of such a reduced spatial dimen-
sion is the occurrence of particles that neither obey Fermi
nor Bose statistics: anyons1–6. In two dimensions, anyons
have been theoretically extensively studied7–9 and indi-
cated to exist in several experimental systems10–15. The
spatial exchange of two-dimensional anyons and the ac-
companied, fixed unitary transformation of the anyonic
wave function could, amongst others, pave the way to
topological quantum computing16. This exchangeability
is also apparent in a single spatial dimension by con-
sidering ringlike systems or T-structures17,18. Sparked
by this idea, the interest in lower-than-two-dimensional
anyons has recently risen, especially in conjunction with
the possible detection of Majorana bound states in quan-
tum wires19–23. Those are expected to be non-abelian
anyons with potential application to topological quan-
tum computing18,24.
Within this work, we employ the concept of anyons in-
troduced in the seminal work by Leinaas and Myrheim1.
Their approach advantageously bases only on one funda-
mental idea: to set up the proper classical theory of in-
discernible particles and then quantize it. In two dimen-
sions, this results in “standard” Chern-Simons anyons,
imaginable as bosons with an attached flux acquiring
an Aharonov-Bohm phase when physically exchanged6,9.
This renders Leinaas’ and Myrheim’s approach one of
the standard references in the field. Less applied is
their theory to one spatial dimension. Here their ap-
proach competes with manifold theories5,19,25–40; see Ap-
pendix A for a brief summary. In particular, the Leinaas-
Myrheim anyons have to be contrasted to the quasi par-
ticle excitations of the Calogero-Sutherland model, the
Haldane-Shastry chain, and the fractional excitations in
Tomonaga-Luttinger liquids19,35–39 that are as well called
anyons37. The defining property of these kinds of anyons
is that the wave function acquires the fixed phase κ when
the coordinates of two anyons get permuted, in complete
analogy to the statistical angle in two spatial dimensions.
While this behavior is deemed as natural, Leinaas and
Myrheim emphasize that within their framework the ax-
iom of impenetrable anyons is essential, which a priori
prohibits the physical exchange of particles in one di-
mension. Still, these theories are directly incorporable
into the framework of Leinaas and Myrheim by a proper
continuation procedure and, as given in Ref. 37, by re-
placing the statistical parameter η → η/ cos(κ/2). To
strengthen the reasonability of Leinaas’ and Myrheim’s
approach in sight of the other ones, we want to stress its
fundamentality. First, it does not require an underlying
theory of additional, constituting particles. Only the in-
discernibility of the considered particles, the validity of
canonical quantization for flat spaces, and the hermitic-
ity of the Hamiltonian is assumed. Secondly, Leinaas-
Myrheim anyons appear naturally when two-dimensional
Chern-Simons anyons are confined to one dimension by a
potential. In the process of the dimensional crossover, the
complete statistical angle gets gradually absorbed and
encoded into the scattering behavior of the anyons32,
which eliminates the need for an additional statistical
phase in one spatial dimension. As a concrete physical
situation, we might imagine a fractional quantum Hall
insulator11 where anyonic bulk excitations are confined
to one dimension by an electric potential.
As a twist of history, Leinaas’ and Myrheim’s theory
of one-dimensional anyons (1977) turn out to be for-
mally equivalent to the Lieb-Liniger model, describing δ-
function interacting bosons in one dimension (1963)41. In
fact, Lieb and Liniger derived the solutions of their model
by first rewriting it employing boundary conditions, not
knowing that these equations would several years later
be reused by Leinaas and Myrheim to describe one-
dimensional anyons. While the Lieb-Liniger model has
substantially advanced since, the results have, to the best
of our knowledge, not been carried over to the regime of
2Leinaas-Myrheim anyons. In this work, we close this gap.
This includes the calculation of observables19,20,42–44 for
confined anyons: the energy spectrum, momentum den-
sity, and finite size density oscillations. Our results are
readily applicable to quasi-particle excitations in quasi
one-dimensional systems, like interacting cold atom/ion
chains and edge liquids of topological insulators, that
potentially carry anyonic excitations19,20,40,45,46. On
the other hand, we employ the interpretation of inter-
acting bosons as anyons to bring original perspectives
and approaches into the well established field of the
Lieb-Liniger model. For instance, the results for con-
fined anyons also describe Lieb-Liniger bosons in a box,
where the Dirichlet boundary conditions result in mod-
ified Bethe ansatz equations47,48. Additionally, we de-
velop the second quantization formalism for Leinaas-
Myrheim anyons, a step which is conceptually purely mo-
tivated by the anyonic interpretation. While presenting
the formalism, we take particular care to include com-
plex momenta, which, as usual, describe spatially bound
states. In the exact many-body solutions, they build up
the quantum-statistical condensate, a remarkably stable
quantum phase. The existence of the bound states for
a certain range of the statistical scattering parameter
serves a little mystery in the anyonic interpretation, but
immediately becomes clear as this range of the statisti-
cal parameter is analogue to the attractive regime of the
Lieb-Liniger model. Lieb and Liniger have first disre-
garded this regime as unphysical and unstable41. More
recent work has albeit revealed its soundness49–53. Re-
cently, it has been pointed out that within the attractive
regime additional gas-like phases may exist54,55.
The structure of the paper is as follows. In Section II
we concisely review both relevant models, i.e., the Lieb-
Liniger model and the model of Leinaas and Myrheim
for one dimensional anyons and state their formal equiv-
alence. In Section III, we construct the anyonic wave
functions, which are the basis of the second quantization
formalism that we derive in Section IV. We also pro-
vide the generalized Jordan-Wigner transformation from
the Lieb-Liniger bosons to the Leinaas-Myrheim anyons.
The Bethe ansatz equations for systems of finite size are
discussed in Section V, which are consequently, in Sec-
tion VI, applied to derive some properties of anyons in
a box. The case of a negative statistical parameter is
covered in Section VII, where we introduce the quantum-
statistical condensate and the interpretation of the clus-
ters as individual anyons themselves. We conclude our
work in Section VIII.
II. MODEL
We start by reviewing the models of Lieb-Liniger and
Leinaas and Myrheim and highlight their equivalence.
The Lieb-Liniger model describes a number of n δ-
function interacting bosons in one dimension. In real
space, the system is represented by its totally symmet-
ric wave function Ψ, which maps from Rn to C, and is
governed by the Hamiltonian
HLL = −
~2
2m
n∑
j=1
∂2xj + 2c
∑
i6=j
δ (xi − xj) . (1)
Here, m denotes the mass of the particles and c is the
real interaction strength that has units of momentum.
As familiar from elementary quantum mechanics, the δ-
functions can be directly implemented into the wave func-
tion by demanding boundary conditions, which, because
of the symmetry of the wave function, turn out to be the
so-called Robin boundary conditions
(
∂xj+1 − ∂xj
)
Ψ(x) |xj→xj+1 = c Ψ(x) |xj→xj+1 , (2)
for each j between 1 and n−1, and we restrict ourselves to
the region R = {x | x1 < x2 < · · · < xn} of the param-
eter space41. In exchange for the boundary conditions,
the Hamiltonian on R becomes free, i.e.,
HLL |R= −
~2
2m
n∑
j=1
∂2xj . (3)
Let us now concisely recapitulate and slightly extend
the quantum theory of Leinaas and Myrheim1 for indis-
cernible particles. First, consider n classical particles in
a region M of real space. The spatial configurations of
a system of discernible particles would be described by
tuples of positions x = (x1, . . . , xn), where xj lies in M .
Because the particles are indiscernible, however, using
tuples is prodigal: for n = 2, (x1, x2) and (x2, x1) la-
bel the same configuration. Instead, we employ the sets
{x1, . . . , xn} of n distinct positions. The family of all
these sets is called configuration space R and inherits
various properties by local equivalence to Mn. Here, the
notational correspondence of the configuration space to
the parameter region of the Lieb-Liniger model is on pur-
pose, since for n indiscernible particles on a line, the real
space variables x1 < · · · < xn parametrize R. To obtain
the quantum mechanical theory, space and momentum
variables get promoted to the usual operators acting on
the wave functions Ψ : R → C. Additionally, the Hamil-
tonian H must be hermitian. We consider, for compli-
ance, the particles to also obey the free Hamiltonian of
Eq. (3), however, electro-magnetic potentials and particle
interactions can be added without changing the general
formalism. Interestingly, hermiticity is exactly granted
if Ψ fulfills the Robin boundary conditions of Eq. (2).
In this context, the interaction strength c is called the
statistical parameter η ≡ c.
We conclude that both theories use the same differ-
ential equation and boundary conditions, which consti-
tutes a formal equivalence between them. The twofold
interpretation, however, provides simple explanations of
seemingly complicated facts. For instance, the boundary
conditions of Eq. (2) reduce to the Neumann and Dirich-
let boundary conditions of bosons (at c = 0) and fermions
3(c = ±∞)56. Hence, we immediately understand that
hard core bosons, described by the Lieb-Liniger model
with c → ∞, behave like fermions, described by the
model of Leinaas and Myrheim with η → ∞. Also, if
the bosons attract, i.e., c < 0, they form clusters57. This
intuitively clear fact in the Lieb-Liniger model seem sur-
prising for Leinaas-Myrheim anyons.58
There is indication that the coincidentally looking
equivalence between δ-interacting bosons and Leinaas-
Myrheim anyons is in fact not coincidental. To ex-
plain this, we refer to the connection between bosons
and anyons in two spatial dimensions. There, anyons
are equivalent to bosons that acquire an Aharonov-Bohm
flux when circling around each other, hence, also in two
dimensions, anyons are equivalent to particularly inter-
acting bosons. The reason for this is that the configu-
ration space for two-dimensional anyons has holes, the
points where the position of a pair of particles would
coincide. The holes themselves are irrelevant concern-
ing scattering since particles can move around them by
infinitesimally altering their path. However, the holes
potentially induce a holonomy in the wave function, the
Aharonov-Bohm phase. In one spatial dimension, the
holes no longer induce a holonomy because particles can-
not be exchanged. However, the holes themselves become
relevant as, by normal propagation, particles are des-
tined to scatter at some time. Then, the holes induce the
boundary condition of Eq. (2) and thereby again serve as
the origin of the bosonic interaction that connects bosons
and anyons.
In the remaining course of the paper, we present and
interpret the solutions to the equivalent models from the
more rarely employed anyonic point of view.
III. CONSTRUCTION OF THE WAVE
FUNCTIONS
We next construct all wave functions that fulfill
Eq. (2), combining the solutions of the attractive and
the repulsive Lieb-Liniger model41,57, with the final aim
to provide the second quantization formalism for the par-
ticles at hand. To this end, we employ the ansatz41
Ψ(x) =
∫
k∈Cn d
nk α (k) eikx. Complex momenta are ex-
plicitly included. These are needed to describe the men-
tioned anyonic bound states that form for a negative sta-
tistical parameter. In momentum space, the boundary
conditions translate to
α (k) = e−iφη(kj+1−kj)α (σjk) if kj+1 − kj 6= iη, (4)
α (k) = 0 if kj+1 − kj = iη. (5)
Here, σj denotes the elementary permutation which per-
mutes the jth and (j + 1)th element of a tuple and
φη(kj+1 − kj) = 2 arctan [η/(kj+1 − kj)] (6)
is the statistical phase. By iteration, these conditions
connect coefficients of relatively permuted momenta
(a) (b) (c)
Re {k}
Im {k}
µ1
(
K1
)
(0)
µ2
(
K2,K2
)
− η
2
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)
− η
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FIG. 1. Examples of composite anyons described by irre-
ducible clusters µ, i.e., strings of the Lieb-Liniger model.
These are the fundamental building blocks of the anyonic
wave functions and should be conceived as individual par-
ticles. For clusters of more than one anyon, η < 0 is implicit.
(a) single anyon; (b) two-anyon bound state; (c) maximally
bound cluster of four anyons: the quantum-statistical conden-
sate’s ground state if generalized to n particles.
α(k) = eiφ
P
η (k)α(Pk). Here, if P = σj1 . . . σjr is a general
permutation written with an r as small as possible, then
φPη (k) =
∑r
i=1 φη
[
(σj1 . . . σjik)ji − (σj1 . . . σjik)ji+1
]
.
The basis functions are therefore of the form
Ψk ∝
∑
P∈Sn e
iφPη (k)ei(Pk)x. Divergent elements of
this set are excluded by only permitting k being the
concatenation59 of tuples µ of complex momenta where
the difference µj+1 − µj between adjacent momenta is
−iη. These tuples are called strings in the context of the
Lieb-Liniger model57. Within the anyonic context, we
call them clusters. Examples of clusters are sketched in
Fig. 1. Physically, clusters with more than one element
represent composite anyons whose constituents move
colletively and are localized within a characteristic
length scale of 1/η from each other. They should be
conceived as individual particle themselves. For positive
η, irreducible clusters only consist of single particles,
which describes free, unbound, anyons. In order to
uniquely label the basis functions, we introduce the
cluster ordering O. This is done in direct analogy to the
ordering that needs to be introduced to label fermionic
basis states in the standard many-body theory60. To
apply O to a tuple D of clusters, first merge clusters that
are not disjoint to larger clusters by taking their union
(and reorder to obtain the form of a cluster). Then, sort
the resulting clusters by real part. Finally, concatenate
the clusters in this order to obtain the tuple O (D).
In conclusion, the basis wave functions describe com-
posite and free anyons in momentum space. Given an or-
dered tuple O (D) of irreducible clusters, the correspond-
ing basis function obtains the form
Ψ(k=O(D)) (x) = Nk
∑
P∈Sn
eiφ
P
η (k)ei(Pk)x, (7)
where Nk is the normalization
61 and eiφ
P
η (k) plays the
role of a generalized Slater determinant.
4IV. SECOND QUANTIZATION
An advantage of the anyonic interpretation is that a
second quantization of the solution is reasonably moti-
vated. In contrast, this endeavor seems to be discouraged
in the bosonic picture of the Lieb-Liniger model. The for-
malism can facilitate the calculation of diverse properties,
similar as the original second quantization of bosons and
fermions does. Given the basis wave functions of Eq. (7),
second quantization amounts to defining creation opera-
tors to construct all basis states from a vacuum state62.
For a cluster µ, we define its creation operator by
a†µΨO(D) =
√
nµ + 1 e
iΦµη (D)ΨO({µ}∪D) (8)
and linear continuation to all states. Here, nµ is the
number of clusters µ in D. The phase Φµη (D) =∑
µ˜<µ ϕ
µ˜,µ
η is composed of the cluster-cluster exchange
phases ϕµ˜,µη =
∑N(µ)
i=1
∑N(µ˜)
i=j φη(µ˜j−µi). Here, µ˜ < µ if
µ˜ is ordered to the left of µ by cluster ordering and N(µ)
denotes the number of anyons in µ. Employing Eq. (8),
the algebra of the cluster creation operators is
a†µ1a
†
µ2
= eiϕ
µ1,µ2
η a†µ2a
†
µ1
. (9)
To be concrete, we consider the case of unbound anyons,
described by clusters with exactly one element. Here,
a†pa
†
q =e
iφη(p−q)a†qa
†
p,
apa
†
q =e
−iφη(p−q)a†qap + δ(p− q), (10)
where the annihilation operator ap is the hermitian con-
jugate of a†p. It is striking that the one-dimensional
anyonic algebra depends on the relative momentum
instead of providing a fixed statistical phase as fa-
miliar from two-dimensional anyons1 and the differ-
ent types of one-dimensional anyons mentioned in the
introduction19,35–39. However, in stark contrast to two
dimensions, an unperturbed exchange of one-dimensional
particles is a priori impossible, as the particles generally
scatter. The anyonic character therefore survives only in
the scattering properties of the anyons. It is plausible
that the statistical phase depends on momentum from
the point of view of a scattering process.
Given the momentum space operator algebra of
Eq. (10), we can ask about the algebra of the real space
operators Ψ†(x) =
∫∞
−∞ dp
eipx√
2π
a†p. We obtain
{
Ψ(x),Ψ†(y)
}
= δ(x − y)+
∫ ∞
0
dz
2e−
z
|η|
|η|
Ψ†(y − z)Ψ(x− z),
{
Ψ†(x),Ψ†(y)
}
=
∫ ∞
0
dz
2e−
z
|η|
|η|
Ψ†(y − z)Ψ†(x+ z),
(11)
where {. . . , . . . } is the anticommutator. Here,
limη→0
∫∞
0
dz/|η| e−z/|η|f(z) = f(0) yields the bosonic
commutation algebra, while the fermionic anticommuta-
tion relations for η → ∞ are trivially contained. If we
set x = y, we obtain a smeared anyonic Pauli principle
in real space represented by
(
Ψ†(x)
)2
=
∫ ∞
0
dz
1
|η|
e−z/|η|Ψ†(y − z)Ψ†(x+ z). (12)
Finally, it is well known that the concept of statistics
in one dimension is fuzzy as there exist several ways
to transform between different statistics19,63. Likewise
here, there is a generalized Jordan-Wigner transforma-
tion from the present anyons to the bosons of the Lieb-
Liniger model. Ultimately, this reflects the fact that
the Fock space of anyons naturally is isomorphic to the
one of the Lieb-Liniger model (if η 6= ±∞). To this
end, consider the bosonic operators b with the algebra[
bk, b
†
l
]
= δ(k − l) and
[
bk, b
†
l
]
= 0 with k, l ∈ R. For
η 6= ±∞, we define the generalized Jordan-Wigner trans-
formation
a˜(j) = lim
ǫ→0+
ei
∫
j−ǫ
−∞
dk b†
k
bkφη(k−j)b(j). (13)
Calculating the algebra of a˜, we find a˜j a˜k = a˜ka˜je
iφη(k−j)
and a˜j a˜
†
k = a˜
†
ka˜je
−iφη(j−k) + δ(j − k), which is exactly
the anyonic algebra described in Eq. (10). As an appar-
ent peculiarity, we have a˜†ka˜k = b
†
kbk, which derives the
same free Hamiltonian, Eq. (3), using either the bosonic
or the anyonic description. One would naively expect,
that the transformation should generate the interacting
Hamiltonian of Eq. (1) instead. However, since the the-
ory of Leinaas and Myrheim is intrinsically constrained
to the region R, defined at the beginning of the model
section, it is no surprise that the transformation obtains
Eq. (3). The important information remains encoded in
the boundary conditions rather than in the energy.
V. SYSTEMS OF FINITE SIZE
When anyons are confined to the length L,
one would expect the Dirichlet boundary conditions
Ψ (0, x2, . . . , xn) = Ψ (x1, . . . , xn−1, L) = 0 to quantize
the allowed momenta, similar to the particle in a box
problem. In fact, the conditions translate to
α (−k1, . . . , kn) =− α (k) ,
α (k1, . . . ,−kn) =− e
2iknLα (k) . (14)
These constraints of Eq. (14) are only consistent with
Eqs. (4) and (5) if the system of transcendental equations
Lkj +
∑
1≤(i6=j)≤n
[φη (ki − kj)− φη (ki + kj)] /2 = πzj (15)
is fulfilled for j between 1 and n. Here, the zj are positive
integers. The momenta that solve Eq. (15) are discrete
and readily numerically obtainable. In the context of
the Lieb-Liniger model, these equations are very similar
to the so-called logarithmic Bethe ansatz equations54,64.
5Note, however, that the Lieb-Liniger Bethe ansatz equa-
tions originally describe particles that are confined to a
ring, while Eq. (15) is adjusted to the case of particles
in a box. Although no differences in the thermodynamic
limit are to be expected, these Bethe ansatz equations
should give more reasonable finite size results for con-
fined particles (see Ref. 47 and Ref. 48 for the discussion
in the context of the Lieb-Liniger model).
VI. APPLICATION
Equipped with the developed formalism, we now con-
sider observables of experimental interest. First, we cal-
culate the spectrum of two confined anyons numerically
by solving Eq. (15). The result is depicted in Fig. 2a. The
anyonic spectra interpolate between the familiar bosonic
and fermionic particle-in-a-box spectra for positive η.
For instance, setting E0 = ~
2π2/(2mL2), the bosonic
level with an energy of 2E0 continuously evolves to the
fermionic level with 5E0. At negative η, the anyonic lev-
els form two-anyon bound states with an energy propor-
tional to −η2 in the infinite-size limit L → ∞. Ener-
getically higher anyonic bound states correspond to ki-
netic excitations of the composite anyon in analogy to
the behavior of a single particle in a box. Some any-
onic levels refuse to form bound states and instead con-
verge to fermionic energies as η → −∞. These levels
ensure that the finite-size spectrum coherently converges
to the infinite-size spectrum. Energy spectra could be a
viable observable in systems with few anyons, like, poten-
tially, interacting cold-atom chains19,20,40, and detectable
by spectroscopic techniques. Turning to systems con-
taining many anyons, as possibly the case in solid state
systems, unavoidable level broadening renders an accu-
rate measurement of the discrete spectrum unfeasible;
yet the momentum distribution could uncover the char-
acter of the anyons19. We depict the momentum density
nk at zero temperature in Fig. 2b. This function gives
the number of anyons with momentum between k1 and
k2 by
∫ k2
k1
dk nk. For bosons and fermions, it is propor-
tional to the Bose-Einstein and Fermi-Dirac distribution,
respectively. Anyons with a positive statistical param-
eter transform these distributions into each other, still
remaining a sharply defined chemical potential reflected
by a discontinuity in nk. This has to be seen in con-
trast to the behavior of a Tomonaga-Luttinger liquid. If
the spectral properties of a system are inaccessible, the
statistics is still inferable via local properties, e.g., the fi-
nite size density fluctuations20,44. While bosons condense
to the middle of the system, fermions distribute equally
spaced (by Pauli repulsion), resulting in oscillations of
the particle density. Figure 2c depicts the scenario for
four anyons in the ground state. Unbound anyons sup-
press the fermionic peaks and broaden the bosonic one,
which is characteristic to intermediate statistics20,44.
VII. THE QUANTUM-STATISTICAL
CONDENSATE
For η < 0, the anyonic ground state is a cluster of
the form µj = iη[j − (n − 1)/2] as depicted in Fig. 1
65
We call this cluster the quantum-statistical condensate
since, in the anyonic picture, its origin is purely based on
the quantum statistics. It can be conceived as a single
composite anyon and corresponds to the bound state of
bosons that forms in the Lieb-Liniger model50,51 for an
attractive interaction. Therefore, its local density is sim-
ilar to the one of as a single quantum particle, which in
turn is the same as the one of the Bose-Einstein con-
densate, cf. Fig. 2c. In fact, the Bose-Einstein con-
densate can be interpreted as the limit of the quantum-
statistical condensate as η → 0−. Besides this, both
condensates differ profoundly: bosons condense into their
single-particle ground state, but anyons into an insepara-
ble many-body ground state. Let us derive further char-
acteristics of the quantum-statistical condensate. First,
we obtain its ground state energy
ǫGS = −
~2
24m
η2(n− 1)n(n+ 1) (16)
by Eq. (1). The proportionality to n3 reveals an excep-
tional stability of the condensate66. Let us, for a mo-
ment, regard charged anyons exhibiting Hubbard repul-
sion, which has an associated energy proportional to n2.
Then, providing a sufficiently large number of anyons,
the negative statistical energy outperforms the positive
one created by charge repulsion. The quantum-statistical
condensate is hence stable against the introduction of
charge. We conjecture that this property could lead to
anyon superconductivity67–69. In fact, in the context
of the Lieb-Liniger model, a phase of pairwisely bound
bosons has been predicted54. A cluster behaves as an
individual anyon, the energy of which separates into a
kinetic and an internal part. Additionally, by Eq. (9),
clusters acquire different statistical phases than their con-
stituents. For instance, clusters of two anyons behave
like anyons with the statistical phase 2φη + φ2η, see Ap-
pendix B for details. In the vocabulary of topological
field theories for two-dimensional anyons9,16,70, the for-
mation of clusters is linked to anyon fusion 71.
VIII. CONCLUSIONS
On the basis of the general assumptions of Leinaas and
Myrheim1, we derive an exact quantum many-body for-
malism for one-dimensional anyons including the exact
wave functions, the second quantization, and the mo-
mentum discretizing equations for anyons in a box. The
formalism is based on the equivalence to the Lieb-Liniger
model of δ-function interacting bosons for which an in-
terpretation in the anyonic context is established. We
numerically calculate characteristic observables, namely,
the energy spectrum, the momentum statistics, and the
6(a) (b) (c)
FIG. 2. Observables for confined anyons. The anyonic properties for 0 < η < ∞ continuously interpolate between bosons
(η = 0) and fermions (η = ∞). The statistical condensate forms at η < 0. (a) Discrete energy spectrum of two anyons. To
depict the full range of η, we plot against φη(1/L). The two-anyon bound state and its excitations emerge for negative η. (b)
Momentum density at zero temperature in the limit of infinitely many particles (numerical calculations for n = 512 anyons,
where the curves almost converge to the limit n→∞). (c) Finite size oscillations of the particle density ρ for four anyons.
finite-size density fluctuations. For a negative statisti-
cal parameter, anyons attract each other with a force
purely induced by their quantum statistics and form the
quantum-statistical condensate. This genuine quantum
many-body phase is more robust than the Bose-Einstein
condensate. In particular, the statistical condensate is
stable for charged anyons in the presence of Coulomb re-
pulsion. The clusters themselves should be conceived as
individual anyons themselves and obtain a different sta-
tistical phase than their constituents. Our work shows
that one-dimensional anyons exhibit original and inter-
esting physics even in the absence of exchangeability.
Furthermore it emphasizes the link between anyons and
interacting bosons and thereby opens new possibilities
of synthesizing either physical system by its equivalent
partner.
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Appendix A: Notions of intermediate statistics in
one spatial dimension
There exists a variety of formalisms describing parti-
cles of intermediate statistics in one dimension, which
are expected to be applicable to different physical situ-
ations. Albeit they differ in their phenomenology, these
particles are all occasionally called anyons. For clarity,
we shortly discuss the most broadly known theories that
are applicable to one spatial dimension.
If the occupation number of a single particle quantum
state is restricted to maximally assume a given integer,
the particles can be described as parafermions, which are
closely related to Potts and clock models26,27 and Gentile
statistics25. Such particles are, amongst others, expected
to exist as magnetic excitations28,29. Another kind of in-
termediate statistics considers the representations of the
local current algebra (the commutation relations between
the particle density and the particle currents in all spa-
tial dimensions)5,30 or the quantization of the algebra
of allowed observables of indistinguishable particles. The
latter has been applied to superconducting vortices31 and
two-dimensional anyons effectively confined to one di-
mension by a strong magnetic field32. Yet another notion
of anyons in one dimension can be derived from Haldane’s
generalization of the Pauli principle33, which is, for in-
stance, applicable to spinon excitations in spin chains. In
this approach, the single-particle Hilbert space dimension
depends on the total number of particles in the system.
Finally, the name anyons is used in one dimension to de-
scribe low-energy quasi-particle excitations of interacting
fermionic systems34 linked to the Calogero-Sutherland
model35,39, the Haldane-Shastry chain, and the fractional
excitations in Tomonaga-Luttinger liquids19,36–38. It is
known that these particles (considering each channel sep-
arately in the case of a Tomonaga-Luttinger liquid) break
time reversal symmetry on the fundamental level of their
operator algebra, reflected by an asymmetric momentum
distribution19,40.
Appendix B: Interpretation of anyon clusters as
individual anyons
We want to show how the exchange phase of clusters
can be interpreted as the statistical phase of a composite
species of anyons reaching further than the interpretation
supported by Eq. (9). To this end, we consider two clus-
ters of anyons µ1 = (K1 + iη/2,K1 − iη/2) and µ2 =
(K2 + iη/2,K2 − iη/2), the cluster structures of which
are depicted in Fig. 1b. We introduce the center of mass
coordinates X1 = (x1 + x2) /2 and X2 = (x3 + x4) /2,
7r = (K2 −K1)
φη(p)
η
η
φ2η(p)
2η 2η
φη(p)
η
η
FIG. 3. Geometric interpretation of the statistical phase of
two clusters, each consisting of two anyons. The radius of
the circle denotes the relative momentum between clusters
K2−K1. The statistical angle is obtained by adding up three
summands. Two of these summands are the normal statistical
angle φη, the third summand is the statistical angle of the
doubled statistical parameter φ2η. The statistical parameter
η appears in the lengths of the drawn tangential segments.
as well as the relative coordinates Z1 = (x2 − x1) /2 and
Z2 = (x4 − x3) /2. Under the assumption that the two
clusters are sufficiently far away from each other, i.e.,
X2 −X1 →∞ and Z1, Z2 finite, we obtain
Ψ(µ1,µ2)(X1, X2, Z1, Z2) ∝[
e2i(K1X1+K2X2) + eiϕ
µ1,µ2
η e2i(K2X1+K1X2)
]
eη(Z1+Z2).
(B1)
This wave function obtains the form of a wave function
of two composite anyons with an altered statistical phase
of ϕµ1,µ2η , especially if we recall that Z1 and Z2 are of
the order of 1/η. This can be physically interpreted as
the fusion of anyons to clusters which themselves behave
as a composite anyon species. Interestingly, the new sta-
tistical phase is
ϕµ1,µ2η = 2φη(K2 −K1) + φ2η(K2 −K1), (B2)
where φη is the statistical phase defined in Eq. (6). This
has an appealing geometric interpretation, which we de-
pict in Fig. 3.
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